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quencies
(a) Definition and Basic Properties
(b) Mean and Variance
19.2-2, The Distribution of the Sam-
ple. Grouped Data
(a) The Empirical Cumulative
Distribution Function
() Class Intervals and Grouped
Data
(c) Sample Fractiles
19.2-3. Sample Averages
(a) The Sample Average of z
(b) The Sample Average of y(z)
19.2-4. Sample Variances and Mo~
ments
(a) The Sample Variances
(b) Sample Moments
(c) Measures of Skewness and
Excess

19.2-5. Simplified Numerical Compu-
tation of Sample Averages and
Variances. Corrections for
Grouping

19.2-6. The Sample Range

19.3. General-purpose Probability
Distributions

19.3-1. Introduction

19.3-2, Edgeworth-Kapteyn Repre-
sentation of Theoretical Dis-
tributions

19.3-3. Gram-Charlier and Edgeworth
Series Approximations

19.3-4. Truncated Normal Distribu-
tions and Pareto’s Distribution

19.3-5. Pearson’s General-purpose Dis-
tributions

19.4. Classical Parameter Estimation

19.4-1. Properties of Estimates

19.4-2. Some Properties of Statistics
Used as Estimates

19.4-3. Derivation of Estimates: The
Method of Moments

19.4-4. The Method of Maximum
Likelihood

19.4-5. Other Methods of Estimation

19.5. Sampling Distributions

19.5-1. Introduction

19.5-2. Asymptotically Normal Sam-
pling Distributions

19.5-3. Samples Drawn from Normal



Populations. The x? ¢ and
v? Distributions

19.6-4. The Distribution of the Sample
Range

19.6-5. S8ampling from Finite Popula-
tions

19.6. Classical Statistical Teste

19.6-1. Statistical Hypotheses
18.6-2. Fixed-sample Tests: Defini-
tions
19.8-3. Level of Significance. Ney-
man-Pearson Criteria for
Choosing Tests of Simple
Hypotheges
19.6-4. Tests of Significance
19.6-5. Confidence Regions
19.8-8. Tests for Comparing Normal
Populations. Analysis of
Variance
(a) Pooled-sample Statistics
(b) Comparison of Normal Popula-
tions
(c) Analysis of Variance
10.6-7. The x* Test for Goodness of
Fit
19.6-8. Parameter-free Comparison of
Two Populations: The Sign
Test
10.6-9. Generalizations

19.7. Some Statistics, Sampling Dis-
tributione, and Tests for Multi-
variate Distributions

10.7-1, Introduction

19.7-2, Btatistics Derived from Muiti-
variate Samples

19.7-8. Estimation of Parameters

19.7-4. Sampling Distributions for
Normal Populations
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(a) Distribution of the Sample
Correlation Coefficient
(b) The r Distribution. Test for
Uncorrelated Variables
(¢) Test for Hypothetical Values of
the Regression Coefficient
(d) »-dimensional Samples
19.7-5. The Sample Mean-square Con-
tingency. Contingency-table
Test for Statistical Independ-
ence of Two Random Variables
19.7-6. Spearman’s Rank Correlation.
A Nonparametric Test of Sta-
tistical Dependence

19.8. Random-process Statistics and
Measurements

19.8-1, Simple Finite-time Averages

19.8-2. Averaging Filters

19.8-3. Examples
(a) Measurement of Mean Value
(b) Measurement of Mean Square
(c) Measurement of Correlation

Functions
19.8-4. Sample Averages

19.9. Testing and Estimation with
Random Parameters

19.9-1. Problem Statement

19.9-2. Bayes Estimation and Tests

19.9-3. Binary State and Decision
Variables: Statistical Tests or
Detection

19.9-4. Estimation (Signal Extraction,

Regression)

19.10. Related Topics, References,
and Bibliography

19.10-1. Related Topics
19.10-2. References and Bibliography
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NUMERICAL CALCULATIONS AND
FINITE DIFFERENCES

20.1. Introduction and Minima
0.1-1. S (a) Problem Statement. Itera-
go 1-2 Et:-:::’ tion Methods
o (b) Varying One Unknown at a
Time

20.2. Numerical Solution of

Equations

20.2-1. Introduction
20.2-2. Iteration Methods. Newton-
Raphson Method and Regula
Falsi
20.2-3. Numerical Solution of Alge-
braic Equations: Computation
of Polynomial Values
(a) Successive Multiplications
(b) Horner’s Scheme
20.2-4. Solution of Algebraic Equa-
tions: Iteration Methods
(a) General Methods
(b) Muller’s Method
(c) The Bairstow Method
20.2-5. Additional Methods for Solv-
ing Algebraic Equations
(a) The Quotient-difference
Algorithm
(b) Graeffe’s Root-squaring
Process
(¢) A Matrix Method
(@) Horner’s Method
20.2-8. Systems of Equations and the
Problem of Finding Maxima

20.3. Linear

(c) Search Methods for Finding
Maxima and Minima
(@) Treatment of Constraints
20.2-7. Steepest-descent Methods
(Gradient Methods)
(a) Method of Steepest Descent
(b) Descent with Computed Gradi-
ent Components
20.2-8. The Newton-Raphson Method
and the Kantorovich Theorem

Simultaneous Equa-
tions, Matrix Inversion, and
Matrix Eigenvalue Problems

20.3-1. “Direct” or Elimination
Methods for Linear Simultane-
ous Equations

(a) Introduction

(b) Basic Elimination Procedure
(Gauss’s Pivotal-condensation
Method)

(¢) An Improved Elimination
Scheme (Banachiewicz-
Cholesky-Crout Method)

(d) Direct Methods in Matrix
Form
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20.3-2. Iteration Methods for Linear
Equations
(a) Introduction
(b) Gauss-Seidel-type Iteration
(c) Relaxation Methods
(d) Systematic Overrelaxation
(e) Steepest-descent Methods
(Gradient Methods)
(f) A Conjugate-gradient Method
20.3-3. Matrix Inversion
20.3-4. A Partitioning Scheme for the
Solution of Simultaneous
Linear Equations or for Matrix
Inversion
20.3-5. Eigenvalues and Eigenvectors
of Matrices
(a) The Characteristic Equation
(b) An Iteration Method for Her-
mitian Matrices
(¢) A Relaxation Method
(d) Jacobi-Von Neumann-Gold-
stine Rotation Process for
Real Symmetric Matrices
(e) Other Methods

20.4. Finite Differences and Differ-
ence Equations

20.4-1. Finite Differences and Central
Means
20.4-2. Operator Notation
20.4-3. Difference Equations
20.4-4. Linear Ordinary Difference
Equations
(a) Superposition Theorems
(b) The Method of Variation of
Constants
20.4-5. Linear Ordinary Difference
Equations with Constant
Coefficients: Method of
Undetermined Coefficients
20.4:6. Transform Methods for Linear
Difference Equations with
Constant Coefficients
(@) The z-transform Method
(b) Sampled-data Representation
in Terms of Impulse Trains
and Jump Functions.
Laplace-transform Method
20.4-7. Systems of Ordinary Difference
Equations (State Equations).
Matrix Notation
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20.4-8. Stability

20.5. Approximation of Functions by
Interpolation

20.5-1. Introduction
20.5-2. General Formulas for Poly-
nomial Interpolation (Argu-
ment Values Not Necessarily
Equally Spaced)
(a) Lagrange’s Interpolation
Formula
(b) ‘Divided Differences and New-
ton’s Interpolation Formula
(c) Aitken’s Iterated-interpolation
Method
(d) The Remainder
20.6-3. Interpolation Formulas for
Equally Spaced Argument
Values. Lozenge Diagrams
(a) Newton-Gregory Interpolation
Formulas
() Symmetric Interpolation
Formulas
(¢) Use of Lozenge Diagram
20.5-4. Inverse Interpolation
20.5-5. “Optimum-interval’’
Interpolation
20.5-6. Multiple Polynomial Interpo-
lation
20.6-7. Reciprocal Differences and
Rational-fraction Interpolation

20.6. Approximation by Orthogonal
Polynomials, Truncated
Fourier Series, and Other
Methods

20.6-1. Introduction
20.6-2. Least-squares Approximation
over an Interval
20.6-3. Least-squares Polynomial Ap-
proximation over a Set of
Points
(a) Optimum-interval Tabulation
(b) Evenly Spaced Data
20.6-4. Least-maximum-absolute-
error Approximations
20.6-5. Economization of Power Series
20.6-6. Numerical Harmonic Analysis
and Trigonometric Interpola-
tion
20.6-7. Miscellaneous Approximations



I

n

20.7. Numerical Differentiation and
Integration

20.7-1. Numerical Differentiation
(a) Use of Difference Tables
(b) Use of Divided Differences
(c) Numerical Differentiation
after Smoothing
(d) Approximate Differentiation of
Truncated Fourier Series
20,7-2. Numerical Integration Using
Equally Spaced Argument
Values
(a) Newton-Cotes Quadrature
Formulas
(b) Gregory’s Formula
(¢) Use of Euler-MacLaurin
Formula
20.7-3. Gauss and Chebyshev Quad-
rature Formulas
20.7-4. Derivation and Comparison of
Integration Formulas
20.7-5. Numerical Evaluation of Mul-
tiple Integrals

_ 20.8. Numerical Solution of Ordi-

nary Differential Equations

20.8-1. Introduction and Notation
20.8-2. One-step Methods for Initial-
value Problems: Euler and
Runge-Kutta-type Methods
20.8-3. Multistep Methods for
Initial-value Problems
(a) Starting the Solution
(b) Simple Extrapolation Schemes
(c) Predictor-corrector Methods
and Step-size Changes
20.8-4. Improved Multistep Methods
20.8-5. Discussion of Different Solu-
tion Methods, Step-size Con-
trol, and Stability
20.8-6. Ordinary Differential Equa-
tions of Order Higher Than
the First and Systems of Ordi-
nary Differential Equations
20.8-7. Special Formulas for Second-
order Equations
20.8-8. Frequency-response Analysis
20.9. Numerical Solution of Bound-
ary-value Problems, Partial

Differential Equations, and
Integral Equations
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Introduction ‘
Two-point Boundary-value
Problems Involving Ordinary
Differential Equations: Dif-
ference Technique
The Generalized Newton-
Raphson Method
(Quasilinearization)
Finite-difference Methods for
Numerical Solution of Partial
Differential Equations with
Two Independent Variables
Two-dimensional Difference
Operators
Representation of Boundary
Conditions
Problems Involving Three or
More Independent Variables
Validity of Finite-difference
Approximations. Some
Stability Conditions
20.9-9. Approximation-function
Methods for Numerical Solu-
tion of Boundary-value
Problems
(a) Approximation by Functions
Which Satisfy the Boundary
Conditions Exactly
(b) Approximation by Functions
Which Satisfy the Differential
Equation Exactly
20.9-10. Numerical Solution of Integral
Equations

20.9-1.
20.9-2.

20.9-3.

20.9-4.

20.9-5.
© 20.9-6.
20.9-7.

20.9-8.

20.10. Monte-Carlo Techniques

20.10-1. Monte-Carlo Methods
20.10-2. Two Variance-reduction
Techniques
(a) Stratified Sampling
(b) Use of Correlated Samples
20.10-3. Use of A Priori Information:
Importance Sampling
20.10-4. Some Random-number Gen-
erators. Tests for Random-
ness

20.11. Related Topics, References,
and Bibliography

20.11-1. Related Topics
20.11-2. References and Bibliography



CHAPTER 21

SPECIAL FUNCTIONS

21.1. Introduction

21.1-1. Introductory Remarks
21.2. The Elementary Transcenden-
tal Functions

21.2-1.
21.2-2.

The Trigonometric Functions
Relations between the Trigo-
nometric Functions
Addition Formulas and Mul-
tiple-angle Formulas
The Inverse Trigonometric
Functions
Hyperbolic Functions
Relations between the Hyper-
bolic Functions
21.2-7. Formulas Relating Hyper-
bolic Functions of Compound
Arguments
21.2-8. Inverse Hyperbolic Functions
21.2-9. Relations between Exponen-
tial, Trigonometric, and
Hyperbolic Functions
21.2-10. Decomposition of the Loga-
rithm
21.2-11. Relations between Inverse
Trigonometric, Inverse Hy-
perbolic, and Logarithmic
Functions
21.2-12. Power Series and Other
Expansions
21.2-13. Some Useful Inequalities

21.2-3.
21.2-4.

21.2-5.
21.2-6.

21.3. Some Functions Defined by
Transcendental Integrals

21.3-1. 8ine, Cosine, Exponential, and
Logarithmic Integrals

21.3-2. Fresnel Integrals and Error
Funetion

21.4. The Gamma Function and Re-
lated Functions

21.4-1. The Gamma Function
(a) Integral Representations
(b) Other Representations of I’(z)
(¢c) Functional Equations
21.4-2. Stirling’s Expansions for I'(z)
and n!
21.4-3. The Psi Function
21.4-4. Beta Functions
21.4-5. Incomplete Gamma and Beta
Functions

21.5. Binomial Coefficients and Fac-
torial Polynomials. Bernoulli
Polynomials and Bernoulli
Numbers

21.5-1. Binomial Coefficients and Fac-
torial Polynomials

21.5-2. Bernoulli Polynomials and
Bernoulli Numbers
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(a) Definitions
(b) Miscellaneous Properties
21.5-3. Formulas Relating Polyno-
mials and Factorial Polyno-
mials
21.5-4. Approximation Formulas for

(=)

21.6. Elliptic Functions, Elliptic In-
tegrals, and Related Functions

21.6-1. Elliptic Functions: General
Properties
21.6-2. Weierstrass's # Function
21.6-3. Weierstrass’s { and ¢ Functions
21.6-4. Elliptic Integrals
21.6-5. Reduction of Elliptic Integrals
(a) Formal Reduction Procedure
(b) Change of Variables. Weier-
strase’s and Riemann’s Normal
Forms
(c) Reduction to Legendre's Nor-
mal Form
21.6-6. Legendre’s Normal Elliptic
Integrals
(a) Definitions
(b) Legendre’s Complete Normal
Elliptic Integrals
(¢) Transformations
21.68-7. Jaocobi’s Elliptic Functions
(a) Definitions
(b) Miscellaneous ‘- Properties and
Special Values
(c) Addition Formulas
(d) Differentiation
(e) Transformations.
(f) Series Expansions
21.6-8. Jacobi’s Theta Functions
21.6-9. Relations between Jacobi’s El-
liptic"Functions, Weierstrass’s
Elliptic Functions, and Theta
Functions

21.7. Orthogonal Polynomials

21.7-1. Survey

21.7-2. Real Zeros of Orthogonal Poly-
nomials

21.7-3. Legendre Functions

21.7-4. Chebyshev Polynomials of the
First and Second Kind

21.7-6. Associated La.guerre' Polyno-
mials and Functions
21.7-6. Hermite Functions

21.7-7. Some Integral Formulas

21.7-8. Jacobi Polynomials and Gegen-
bauer Polynomisls

21.8. Cylinder Functions, Associated

Legendre Functions, and
Spherical Harmonics

21.8-1. Bessel Functions and Other
Cylinder Functions
21.8-2. Integral Formulas
(a) Integral Representations of
JO(z)p Jl(z)) J’(z)p O
(b) Sommerfeld’s and Poisson’s
Formulag
(c) Miscellaneous Integral For-
mulas Involving Cylinder
Functions
21.8-3. Zeros of Cylinder Functions
21.8-4. The Bessel Functions Jo(2),
J1(2), Ja(2), . . .
(@) Generation by Series Expan-
sions
(b) Behavior for Real Arguments
(c) Orthogonality Relations
21.8-5. Solution of Differential Equa-
tions in Terms of Cylinder
Functions and Related Func-
tions
21.8-6. Modified Bessel and Hankel
Functions
21.8-7. The Functions berm z, beim 2,
hery 2, hein 2, kern 2, keip 2
21.8-8. Spherical Bessel Functions
21.8-9. Asymptotic Expansion of Cyl-
inder Functions and Spherical
Bessel Functions for Large
Absolute Values of z
21.8-10. Associated Legendre Func-
tions and Polynomials
21.8-11. Integral Formulas Involving
Associated Legendre Polyno-
. mials
21.8-12. Spherical Harmonics.
Orthogonality
21.8-13. Addition Theorems
(a) Addition Theorem for Cylin-
der Functions
(b) Addition Theorems for Spher-
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ical Bessel Functions and Le- Functions Approximating 8(z)
gendre Polynomials (b) Discontinuous Functions Ap-
roximatin,
21.9. Step Functions and Symbolic © ;‘unctions z;;:gximating
Impulse Functions ¥(z), 8"(z), . . ., 8" (z)
21.9-1. Step Functions 21.9-5. Fourier-integral Representa-
21.9-2. The Symbolic Dirac Delta tions
Function 21.9-6. Asymmetrical Impulse Func-
21.9-3. “‘Derivatives’’ of Step Func- tions
tions and Impulse Functions 21.9-7. Multidimensional Delta Func-
21.9-4. Approximation of Impulse tions
Functions

(a) Continuously Differentiable 21.10. References and Bibliography









ApPENDIX A

FORMULAS DESCRIBING PLANE
FIGURES AND SOLIDS

A-1, The Trapezoid A-5. Solids of Revolution
A-2. Regular Polygons A-6. The Five Regular Polyhedra
A-3. The Circle

A-4, Prisms, Pyramids, Cylinders, and
Cones






APPENDIX B

PLANE AND SPHERICAL

TRIGONOMETRY

Plane Trigonometry

B-1. Introduction

B-2. Right Triangles

B-3. Properties of Plane Triangles

B-4. Formulas for Triangle Computa-
tions

Spherical Trigonometry
B-5. Spherical Triangles: Introduction

B-6. Properties of Spherical Triangles

B-7. The Right Spherical Triangle

B-8. Formulas for Triangle Computa-
tions

B-9. Formulas Expressed in Terms of
the Haversine Function
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APPENDIX c

PERMUTATIONS, COMBINATIONS,
AND RELATED TOPICS

Table C-1. Permutations and Partitions C-1. Use of Generating Functions
Table C-2. Combinations and Samples C-2. Polya’s Counting Theorem
Table C-3. Occupancy of Cells or States References and Bibliography






APPENDIX D

TABLES OF FOURIER EXPANSIONS
AND LAPLACE-TRANSFORM PAIRS

Table D-1. Fourier Coefficients and
Mean-square Values of
Periodic Functions

Table D-2. Fourier Transforms

Table D-3. Fourier Cosine Transforms

Table D-4. Fourier Sine Transforms

Table D-5. Hankel Transforms

Table D-8. Laplace-transform Pairs
Involving Rational Alge-
braic Functions

Table D-7. Laplace Transforms









APPENDIX E

INTEGRALS, SUMS, INFINITE
SERIES AND PRODUCTS, AND

CONTINUED FRACTIONS

Integral Tables

E-1. Elementary Indefinite Integrals

E-2. Indefinite Integrals

Integrals contatning

az +b

az + band cz + d
a+zandbd + 2
az® +bx + ¢
a? + 2*

at + z*

a‘:l:z‘

V'z

\/ az' + bz + ¢

Miscellaneous irrational forms

sin

cos

sin and cos

tan and cot

Hyperbolic functions

Exponential functions

Logarithmic functions

Inverse trigonometric and hyperbolic
functions

Start with formula number

1
31
35
40
54
80
94

102
121
157
185
213

241
263
274
313
354
411
424
449
474

492

925



APPENDIX E

E-3. Definite Integrals

Inlegrals containing

Algebraic functions

Trigonometrie functions
Exponential and hyperbolic functions
Logarithmie functions

Sums and Infinite Series

E-4. Some Finite Sums

E-5. Miscellaneous Infinite Series

E-6. Power Series: Binomial Series

E-7. Power Series for Elementary
Transcendental Functions

926

Start with formula number

1

9
38
61

Infinite Products and Continued
Fractions

E-8. Some infinite Products
E-9. Some Continued Fractions
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