CONTENTS  ix

Contents

Chapter 1. A Mathematical and Historical Tour ............cc.ovnea. L. 1
1.1 Images from Dynamical Systems ........................... 1
1.2 A Brief History of Dynamics ............................... 5

Chapter 2. Examples of Dynamical Systems ............................. 9
2.1 An Example from Finance ...........coovviiviininanina... 9
2.2 An Example from Ecology ............oooioi il 11
2.3 Finding Roots and Solving Equations ..................... i2
2.4 Differential Equations ..............viiiiiiiinriiiiarnns, 15

Chapter 3. Orbits ....ooviii i i it e aee 17
J.1 Iteration .. ....eiii i e et e e 17
32 0Ibits ... e e s 18
3.3 Typesof Orbits .......ovieiiiiriiireiiiiiii i annn. 19
34 0ther Orbits ..ottt ittt ce i ir s 22
3.5 The Doubling Function ........c.civiiiiiiiiiiiiniannnns. 24
3.6 Experiment: The Computer May Lie ..................... 25

Chapter 4. Graphical Analysis .........cooviiiiiniririiinernierernsan. 29
4.1 Graphical Analysis ..., 29
4,2 Orbit Analysis .ooiuiiniiiiiiiiiiii it e 32
4.3 The Phase Portrait ........cocoiiiiiiiieiiiiiiinnnnss 33

Chapter 5. Pixed and Periodic Points ...............ccoviivuniinnn... 36
5.1 A Fixed Point Theorem .............coiiviviiiinrnninin. 36
5.2 Attraction and Repulsion ....................oiiiiiiia, 37
5.3 Calculus of Fixed Points .....................ooiiiieantt, 38
5.4 Why Is This True? ... ..o ittt 42
5.8 Periodic Points ........coiviiiiiiiii i 46



X DYNAMICAL SYSTEMS

Chapter 6. Bifurcations .........ooiiiiiii i e renaaens 52
6.1 Dynamics of the QuadraticMap ................. ... 52
6.2 The Saddle-Node Bifurcation .............ccocvvveinan... 57
6.3 The Period-Doubling Bifurcation ......................... 61
6.4 Experiment: The Transition to Chaos ..................... 63
Chapter 7. The Quadratic Family ............oooiiiiiiiiin i, 69
T1The Case = =2 . .ottt ii e iaienaennnnn 69
T2 The Case € € =2 L. ittt aieiar e iaieeearaans 71
7.3 The Cantor Middle-Thirds Set ...... ..ot 75
Chapter 8. Transition to Chaos ........... ...l .82
8.1 The Orbit Diagram .......ccciierirmiiivniiinrrnananinnen. 82
8.2 The Period-Doubling Route to Chaos ..................... 89
8.3 Experiment: Windows in the Orbit Diagram .............. 92
Chapter 9. Symbolic Dynamics .....ovevniirienrrernnrrirnrnss I o7
D1 Ttineraries ... ..o e i e 97
9.2 The Sequence SpPace ......cvivvveiruiriereneinrarnnrorencns 98
93 The Shift Map ..voiiiiiiiiiiii it et it eaaaenens 103
0.4 CONJUBACT vrvivvireriiniiiiiinaratasseeiiiroiansoeenens 106
Chapter 10. Chaos ... oot i 114
10.1 Three Properties of a Chaotic System .................. 114
10.2 Other Chaotic Systems .....coovvviiiiiiiiiiiinin i, 121
10.3 Manifestations of Chaos .........c.ccoovviviiiiieininnan.. 126
10.4 Experiment: Feigenbaum’s Constant .................... 128
Chapter 11. Sarkovskii’s Theorem .............. ... it 133
11.1 Period 3 Implies Chaos . .....ooviiiiiiiiiinnniinnnnn.. 133
11.2 Sarkovskii’s Theorem .........cooiiiiiiiiiiiiiiiiaa.. 137
11.3 The Period 3 Window ........cviviiiiiiinnninainnnnn, 142
11.4 Subshifts of Finite Type ..., 146
Chapter 12. The Role of the Critical Orbit ........coovvviiiiinnnnn.. 154
12.1 The Schwarzian Derivative ..................c.ivuel, 154
12.2 The Critical Point and Basins of Attraction ............. 157
Chapter 13. Newton’s Method ............ccoiiiiiiiiiiiiiiiiiiaan, 164
13.1 Basic Properties.........cvviiiireraereiernieneieranions 164
13.2 Convergence and Nonconvergence ...................... 169
Chapter 14, Fractals . ..ooouvnertieririeirninirreennnreninensssissnenn. 176

14.1 The Chaos Game ................... e 176



CONTENTS  xi

14.2 The Cantor Set Revisited ..........cooviiiiiiiiiiiiin 178
14.3 The Sierpinski Triangle .........cocviviiniiiiiiiiion. 180
14.4 The Koch Snowflake ..........ccooieiiiinineiianan, 182
14.5 Topological Dimension .........ccooiiniiiiiiiereneinn.. 185
14.6 Fractal Dimension .......ocvivviiiniinieiiiiiiinininan.. 186
14.7 Iterated Function Systems ..........ccoiiiiiiiiiiaats. 190
14.8 Experiment: Iterated Function Systems ................. 197
Chapter 15, Complex Functions ..........coviviiiiiiiiiiiiiinieiaan, 203
15.1 Complex Arithmetic ........cooiiiiiiiiiiiiiiiiiiiin, 203
15.2 Complex Square Roots ......ovvvernviniervesnuennsannns 207
15.3 Linear Complex Funetions ...........ccovvviiiiinininne 209
15.4 Calculus of Complex Funetions ........cooiiiniiaans. 212
Chapter 16. The Julia Set .....cviiiieiiiiiiiiii it iiciienians 221
16.1 The Squaring Function .........cvviiiiiiiiiniininuanans 221
16.2 The Chaotic Quadratic Function .................... ... 226
16.3 Cantor Sets Again ........c.ooiiiiinieienininnineninans 227
16.4 Computing the Filled Julia Set ..............cooviiatsn 233
16.5 Experiment: Filled Julia Sets and Critical Orbits ....... 238
16.6 The Julia Set as a Repellor .......... ... ...l 239
Chapter 17. The Mandelbrot Set ..., 246
17.1 The Fundamental Dichotomy............................ 246
17.2 The Mandelbrot Set ........ ... .. ..o il 249
17.3 Experiment: Periods of Other Bulbs .................... 253
17.4 Experiment: Periods of the Decorations ................ 257
17.5 Experiment: Find the JuliaSet ......................... 258
17.6 Experiment: Spokes and Antennae ...................., 259
17.7 Experiment: Similarity of the Mandelbrot and Julia Sets 260
Chapter 18. Further Projects and Experiments ........................ 263
£ BN ST o 1 o 1 263
182 CUDICS w.vnetiiiiiii i it e, 264
18.3 Exponential Functions ............. ... il 267
18.4 Trigonometric Funetions ........ ety 270
18.5 Complex Newton’s Method ...... ... ... ... ... ..., 273
Appendix A. Mathematical Preliminaries ...........coovvvrrinenninnnn. 279
Appendix B. Algorithms .....ovveiiiiiiii it iieeaenann. 287
Appendix C. References .............oooiiinionearinriiiieaiiieanannen 295

Index



