


CONTENTS

I.ReviewofFundamentalNotionsofAnalysis1

A.SetTheory,Definitions1
1･Sets1
2.Mappings2
3.Relations5
4.Orderings5

B.AlgebraicStructures,Definitions6
1.Groups7
2.Rings8
3.Modules8
4.Algebras9
5.Linearspaces9

C.Topology11
1.Definitions11
2.Separation13
3.Base14
4.Convergence14
5.Coveringandcompactness15
6.Connectedness16
7.Continuousmappings17
8.Multipleconnectedness19
9.Associatedtopologies20
10.Topologyrelatedtootherstructures21
11.Metricspaces23

metricspaces23
Cauchysequence;completeness25

12.Banachspaces26
normedvectorspaces27
Banachspaces28
strongandweaktopology;compactedness29

13.Hilbertspaces30

D.Integration31
1.Introduction32
2.Measures33
3.Measurespaces34



4.Measurablefunctions40
5.Integrablefunctions41
6.Integrationonlocallycompactspaces46
7.Signedandcomplexmeasures49
8.Integrationofvectorvaluedfunctions50
9.Vspace52
10.Lpspace53

E.KeyTheoremsinLinearFunctionalAnalysisSI
1.Boundedlinearoperators57
2.Compactoperators61
3.Openmappingandclosedgraphtheorems63

ProblemsandExercises64
Problem1:Cliffordalgebra;Spin(4)64
Exercise2:Producttopology68
Problem3:StrongandweaktopologiesinL169
Exercise4:Holderspaces70
SeeProblemVI4:ApplicationtotheSchrodingerequation

II.DifferentialCalculusonBanachSpaces71

A.Foundations71
1.Definitions.Taylorexpansion71
2.Theorems73
3.DifTeomorphisms74
4.TheEulerequation76
5.Themeanvaluetheorem78
6.Higherorderdifferentials79

B.CalculusofVariations82
1.Necessaryconditionsforminima82
2.Sufficientconditions83
3.Lagrangianproblems86

C.ImplicitFunctionTheorem,InverseFunctionTheorem88
1.Contractingmappingtheorems88
2.Inversefunctiontheorem90
3.Implicitfunctiontheorem91
4.Globaltheorems92

D.DifferentialEquations94
1.Firstorderdifferentialequation94
2.Existenceanduniquenesstheoremsforthelipschitzian

case95



ProblemsandExercises98
Problem1:Banachspaces,firstvariation,linearizedequation98
Problem2:Taylorexpansionoftheaction;Jacobifields;the

Feynman-Greenfunction;theVanVleckmatrix;
conjugatepoints;caustics100

Problem3:Euler-Lagrangeequation;thesmalldisturbance
equation;thesoapbubbleproblem;Jacobifields105

III.DifferentiableManifolds,FiniteDimensionalCase111

A.Definitions111
1.Differentiablemanifolds111
2.Diffeomorphisms115
3.Liegroups116

B.VectorFields;TensorFields117
1.Tangentvectorspaceatapoint117

tangentvectorasaderivation118
tangentvectordefinedbytransformationproperties120
tangentvectorasanequivalenceclassofcurves121
imagesunderdifferentiablemappings121

2.Fibrebundles124
definition125
bundlemorphisms127
tangentbundle127
framebundle128
principalfibrebundle129

3.Vectorfields132
vectorfields132
movingframes134
imagesunderdiffeomorphisms134

4.Covariantvectors;cotangentbundles135
dualofthetangentspace135
spaceofdifferentials137
cotangentbundle138
reciprocalimages138

5.Tensorsatapoint138
tensorsatapoint138
tensoralgebra140

6.Tensorbundles;tensorfields142

C.GroupsofTransformations143
1.Vectorfieldsasgeneratorsoftransformationgroups143
2.Liederivatives147
3.Invarianttensorfields150



D.LieGroups152
1.Definitions;notations152
2.Leftandrighttranslations;Liealgebra;structureconstants155
3.One-parametersubgroups158
4.Exponentialmapping;Taylorexpansion;canonicalcoordinates160
5.Liegroupsoftransformations;realization162
6.Adjointrepresentation166
7.Canonicalform,Maurer-Cartanform168

ProblemsandExercises169
Problem1:Changeofcoordinatesonafiberbundle,

configurationspace,phasespace169
Problem2:LiealgebrasofLiegroups172
Problem3:Thestraintensor177
Problem4:Exponentialmap;Taylorexpansion;adjointmap;leftand

rightdifferentials;Haarmeasure178
Problem5:ThegroupmanifoldsofSO(3)andSU(2)181
Problem6:The2-sphere190

IV.IntegrationonManifolds195

A.ExteriorDifferentialForms195
1.Exterioralgebra195

exteriorproduct196
localcoordinates;strictcomponents197
changeofbasis199

2.Exteriordifferentiation200
3.Reciprocalimageofaform(pullback)203
4.Derivationsandantiderivations205

definitions206
interiorproduct207

5.FormsdefinedonaLiegroup208
invariantforms208
Maurer-Cartanstructureequations208

6.Vectorvalueddifferentialforms210

B.Integration212
1.Integration212

orientation212
oddforms212
integrationofn-formsinR"213
partitionsofunity214
propertiesofintegrals215

2.Stokes'theorem216
p-chains217
integralsofp-formsonp-chains217
boundaries218



mappingsofchains219

proofofStokes'theorem221

3.Globalproperties222

homologyandcohomology222

0-formsand0-chains223

Bettinumbers224

Poincarelemmas224

deRhamandPoincaredualitytheorems226

C.ExteriorDifferentialSystems229

1.Exteriorequations229

2.Singleexteriorequation229

3.Systemsofexteriorequations232

idealgeneratedbyasystemofexteriorequations232

algebraicequivalence232

solutions233

examples235

4.Exteriordifferentialequations236

integralmanifolds236

associatedPfaffsystems237

genericpoints238

closure238

5.Mappingsofmanifolds239

introduction239

immersion241

embedding241

submersion242

6.Pfaffsystems242

completeintegrability243

Frobeniustheorem243

integrabilitycriterion245

examples246

dualformoftheFrobeniustheorem248

7.Characteristicsystem250

characteristicmanifold250

example:firstorderpartialdifferentialequations250

completeintegrability253

constructionofintegralmanifolds254

Cauchyproblem256

examples259

8.Invariants261

invariantwithrespecttoaPfaffsystem261

integralinvariants263

9.Example:Integralinvariantsofclassicaldynamics265

Liouvilletheorem266

canonicaltransformations267



10.Symplecticstructuresandhamiltoniansystems267

ProblemsandExercises270
Problem1:Compoundmatrices270
Problem2:Poincarelemma,Maxwellequations,wormholes271
Problem3:Integralmanifolds271
Problem4:Firstorderpartialdifferentialequations,Hamilton-Jacobi

equations,lagrangianmanifolds272
Problem5:Firstorderpartialdifferentialequations,catastrophes277
Problem6:Darbouxtheorem281
Problem7:Timedependenthamiltonians283
SeeProblemVI11paragraphc:Electromagneticshockwaves

V.RiemannianManifolds.KahlerianManifolds285

A.TheRiemannianStructure285
1.Preliminaries285

metrictensor285
hyperbolicmanifold287

2.Geometryofsubmanifolds,inducedmetric290

3.Existenceofariemannianstructure292
properstructure292
hyperbolicstructure293
Euler-Poincarecharacteristic293

4.Volumeelement.Thestaroperator294
volumeelement294
staroperator295

5.Isometries298

B.LinearConnections300

1.Linearconnections300
covariantderivative301
connectionforms301
paralleltranslation302
affinegeodesic302
torsionandcurvature305

2.Riemannianconnection308
definitions309
locallyflatmanifolds310

3.Secondfundamentalform312
4.Differentialoperators316

exteriorderivative316
operator5317
divergence317
laplacian318



C.Geodesies320
1.Arclength320
2.Variations321

Eulerequations323
energyintegral324

3.Exponentialmapping325
definition325
normalcoordinates326

4.Geodesiesonaproperriemannianmanifold327
properties327
geodesiccompleteness330

5.Geodesiesonahyperbolicmanifold330

D.AlmostComplexandKdhlerianManifolds330

ProblemsandExercises336
Problem1:Maxwellequation;gravitationalradiation336
Problem2:TheSchwarzschildsolution341
Problem3:Geodeticmotion;equationofgeodeticdeviation;

exponentiation;conjugatepoints344
Problem4:Causalstructures;conformalspaces;Weyltensor350

357Vbis.ConnectionsonaPrincipalFibreBundle

A.ConnectionsonaPrincipalFibreBundle357
1.Definitions357
2.Localconnection1-formsonthebasemanifold362

existencetheorems362
sectioncanonicallyassociatedwithatrivialization363
potentials364
changeoftrivialization364
examples366

3.Covariantderivative367
associatedbundles367
paralleltransport369
covariantderivative370
examples371

4.Curvature372
definitions372
Cartanstructuralequation373
localcurvatureonthebasemanifold374
fieldstrength375
Bianchiidentities375

5.Linearconnections376
definition376
solderingform,torsionform376



torsionstructuralequation376
standardhorizontal(basic)vectorfield378
curvatureandtorsiononthebasemanifold378
bundlehdmomorphism380
metricconnection381

B.Holonomy381
1.Reduction381
2.Holonomygroups386

C.CharacteristicClassesandInvariantCurvatureIntegrals390
1.Characteristicclasses390
2.Gauss-BonnettheoremandChernnumbers395
3.TheAtiyah-Singerindextheorem396

ProblemsandExercises401
Problem1:Thegeometryofgaugefields401
Problem2:Chargequantization.Monopoles408
Problem3:InstantonsolutionofeuclideanSU(2)Yang-Mills

theory(connectiononanon-trivialSU(2)bundle
overS4)4n

Problem4:Spinstructure;spinors;spinconnections415

VI.Distributions423

A,TestFunctions423
1.Seminorms423

definitions423
Hahn-Banachtheorem424
topologydefinedbyafamilyofseminorms424

2.D&-spaces427
definitions427
inductivelimittopology429
convergenceinDm(U)andD(U)430
examplesoffunctionsinD431
truncatingsequences434
densitytheorem434

B.Distributions435
1.Definitions435

distributions435
measures;DiracmeasuresandLerayforms437
distributionoforderp439
supportofadistribution441
distributionswithcompactsupport441



2.Operationsondistributions444
sum444
productbyCxfunction444
directproduct445
derivations446
examples447
inversederivative450

3.TopologyonD'453
weakstartopology453
criterionofconvergence454

4.ChangeofvariablesinRn456
changeofvariablesinRn456
transformationofadistributionunderadiffeomorphism457
invariance459

5.Convolution459
convolutionalgebraLl(Rn)459
convolutionalgebraD'+andD'462
derivationandtranslationofaconvolutionproduct464
regularization465
supportofaconvolution465
equationsofconvolution466
differentialequationwithconstantcoefficients469
systemsofconvolutionequations470
kernels471

6.Fouriertransform474
Fouriertransformofintegrablefunctions474
tempereddistributions-476
Fouriertransformoftempereddistributions476
Paley-Wienertheorem477
Fouriertransformofaconvolution478

7.DistributiononaC1paracompactmanifold480
8.Tensordistributions482

C.SobolevSpacesandPartialDifferentialEquations486
1.Sobolevspaces486

properties487
densitytheorems488
Wpmspaces489
Fouriertransform490
Planchereltheorem490
Sobolev'sinequalities491

2.Partialdifferentialequations492
definitions492
Cauchy-Kovalevskitheorem493
classifications494

3.Ellipticequations;laplacians495



elementarysolutionofLaplace'sequation495

subharmonicdistributions496
potentials496

energyintegral,Green'sformula,unicitytheorem499

Liouville'stheorem500

boundary-valueproblems502

Greenfunction503
introductiontohilbertianmethods;generalized

Dirichletproblem505

hilbertianmethods507

example:Neumannproblem509

4.Parabolicequations510
heatdiffusion510

5.Hyperbolicequation;waveequations511
elementarysolutionofthewaveequation511

Cauchyproblem512
energyintegral,unicitytheorem513

existencetheorem515

6.Leraytheoryofhyperbolicsystems516

7.Secondordersystems;propagators522

ProblemsandExercises525

Problem1:Boundeddistributions525

Problem2:Laplacianofadiscontinuousfunction527

Exercise3:Regularizedfunctions528

Problem4:ApplicationtotheSchrodingerequation528
Exercise5:Convolutionandlinearcontinuousresponses530

Problem6:Fouriertransformsofexp(-x2)andexp(ix2)531

Problem7;FouriertransformsofHeavisidefunctionsandPv(l/x)532

Problem8:Diracbitensors533

Problem9:Legendrecondition533

Problem10:Hyperbolicequations;characteristics534

Problem11:Electromagneticshockwaves535

Problem12:Elementarysolutionofthewaveequation538

Problem13:Elementarykernelsoftheharmonicoscillator538

VII.DifferentiateManifolds,InfiniteDimensionalCase543

A.Infinite-DimensionalManifolds543
1.Definitionsandgeneralproperties543

E-manifolds543
differentiatefunctions544

tangentvector544

vectorandtensorfield545

differentialofamapping546



submanifold547
immersion,embedding,submersion549
flowofavectorfield551
differentialforms551

2.Symplecticstructuresandhamiltoniansystems552
definitions552
complexstructures552
canonicalsymplecticform554
symplectictransformation554
hamiltonianvectorfield554
conservationofenergytheorem555
riemannianmanifolds555

B.TheoryofDegree;Leray-SchauderTheory556
1.Definitionforfinitedimensionalmanifolds557

degree557
integralformulaforthedegreeofafunction558
continuousmappings560

2.Propertiesandapplications561
fundamentaltheorem561
Borsuk'stheorem562
Brouwer'sfixedpointtheorem562
producttheorem563

3.Leray-Schaudertheory563
definitions563
compactmappings564
degreeofacompactmapping564
Schauderfixedpointtheorem565
Leray-Schaudertheorem565

C.MorseTheory567
1.Introduction567
2.Definitionsandtheorems567
3.Indexofacriticalpoint571
4.Criticalnecktheorem572

D.CylindricalMeasures,WienerIntegral573
1.Introduction573
2.Promeasuresandmeasuresonalocallyconvexspace575

projectivesystem575
promeasures576
imageofapromeasure578
integrationwithrespecttoapromeasureofacylindrical

function578
Fouriertransforms579

3.Gaussianpromeasures581



gaussianmeasuresonRn581

gaussianpromeasures582

gaussianpromeasuresonHilbertspaces583

4.TheWienermeasure583

Wienerintegral586
sequentialWienerintegral587

ProblemsandExercises589
ProblemA:TheKlein-Gordonequation589

ProblemB:ApplicationoftheLeray-Schaudertheorem591

ProblemC1:TheReebtheorem592

ProblemC2:Themethodofstationaryphase593
ProblemD1:Ametriconthespaceofpathswithfixedendpoints596

ProblemD2:Measuresinvariantundertranslation597

ProblemD3:Cylindricalσ-fieldofC([a,b])597

ProblemD4:GeneralizedWienerintegralofacylindricalfunction598

References603

Symbols611

Index617




	page1
	page2
	page3
	page4
	page5
	page6
	page7
	page8
	page9
	page10
	page11
	page12
	page13
	page14

