


CONTENTS

Preface
Notation and Terminology
Suggestions for the Reader

PART | PRELIMINARIES
Chapter 1 Background Material

1.1 How Nonlinear Problems Arise
1.1A Differential-geometric sources
1.1B  Sources in mathematical physics
I Classical mathematical physics
I Contemporary mathematical physics
1.1C Sources from the calculus of variations

1.2 Typical Difficulties Encountered
1.2A Inherent difficulties
1.2B Nonintrinsic difficulties

1.3 Facts from Functional Analysis
1.3A Banach and Hilbert spaces
1.3B Some useful Banach spaces
1.3C  Bounded linear functionals and weak convergence
1.3D Compactness
1.3E Bounded linear operators
1.3F Special classes of bounded linear operators

1.4 Inequalities and Estimates
1.4A  The spaces W, (Q) (1=<p < o)
1.4B The spaces W (IRN) and W (Q) (m = 1, an integer, and
] < p < )
1.4C Estimates for linear elliptic differential operators

1.5 Classical and Generalized Solutions of Differential Systems
1.5A Weak solutions in W
1.5B Regularity of weak soluuons for semilinear elliptic systems

1.6 Mappings between Finite-Dimensional Spaces
1.6A Mappings between Euclidean spaces
1.6B Homotopy invariants
1.6C Homology and cohomology invariants

Vil

X111
XVII
X1X

10
14

16

18
18
21

25
25
26
30
31
32
35

39
40

44
45

47

48
49

51
52
34
56



Viii

Notes

2+

2.2

2.3

2.4

2

2.6

2.7

CONTENTS

Chapter 2 Nonlinear Operators

Elementary Calculus

2.1A
2.1B
2.1C
2.1D
2-1E

Boundedness and continuity
Integration

Differentiation

Multilinear operators
Higher derivatives

Specific Nonlinear Operators

2.2A
2.2B
2.2C
2.2D

Composition operators

Differential operators

Integral operators

Representations of differential operators

Analytic Operators

2.3A
2.3B

Equivalent definitions
Basic properties

Compact Operators

2.4A
2.4B
2.4C

Equivalent definitions
Basic properties
Compact differential operators

Gradient Mappings
2.5A Equivalent definitions

2.5B
2.5C

Basic properties
Specific gradient mappings

Nonlinear Fredholm Operators

2.6A
2.6B
2.6C

Equivalent definitions
Basic properties
Differential Fredholm operators

Proper Mappings

2.7TA
2.7B
2.1C

Notes

3.1

Equivalent definitions
Basic properties
Differential operators as proper mappings

PART Il LOCAL ANALYSIS
Chapter 3 Local Analysis of a Single Mapping

Successive Approximations

3.1A
3.1B
3.1C
3.1D
3. 1E
3.1F

The contraction mapping principle

The inverse and implicit function theorems
Newton’s method

A criterion for local surjectivity

Application to ordinary differential equations
Application to isoperimetric problems

59

64
64
65
67
70
12

76
76
i
79
80

84
84
88

88
89
90
92

93
94
95
97

99
99
100
101

102
102
103
105

107

111
111
113
116
118
119
122



3.2

CONTENTS

3.1G Application to singularities of mappings

The Steepest Descent Method for Gradient Mappings

3.2A Continuous descent for local minima

3.2B Steepest descent for isoperimetric variational problems
3.2C Results for general critical points

3.2D Steepest descent for general smooth mappings

3.3 Analytic Operators and the Majorant Method

3.3A Heuristics '

3.3B An analytic implicit function theorem

3.3C Local behavior of complex analytic Fredholm operators
3.4 Generalized Inverse Function Theorems

3.4A Heuristics

3.4B A result of J. Moser

3.4C Smoothing operators

3.4D Inverse function theorems for local conjugacy problems
Notes

4.1

4.2

4.3

4.4

4.5

Chapter 4 Parameter Dependent Perturbation Phenomena

Bifurcation Theory—A Constructive Approach
4.1A Definitions and basic problems

4.1B Reduction to a finite-dimensional problem
4.1C The case of simple multiplicity

4.1D A convergent iteration scheme

4.1E The case of higher multiplicity

Transcendental Methods in Bifurcation Theory

4.2A Heuristics

4.2B Brouwer degree in bifurcation theory
4.2C Elementary critical point theory

4.2D Morse type numbers in bifurcation theory

Specific Bifurcation Phenomena

4.3A Periodic motions near equilibrium points in the restricted three-

body problem
4.3B Buckling phenomena in nonlinear elasticity
4.3C Secondary steady flows for the Navier—Stokes equation

4.3D Bifurcation of complex structures on compact complex manifolds

Asymptotic Expansions and Singular Perturbations

4.4A Heuristics

4.4B The validity of formal symptotic expansions

4.4C Application to the semilinear Dirichlet problem (II,)

Some Singular Perturbation Problems of Classical Mathematical Physics
4.5A Perturbation of an anharmonic oscillator by transient forces

4.5B The membrane approximation in nonlinear elasticity
4.5C Perturbed Jeffrey—Hamel flows of a viscous fluid

Notes

1X
125

127
128
129
130
132

133
133
134
136

137
137
138
141
142

145

149
150
154
155
158
161

163
163
164
167
171

173

173
177
183
188

193
193
194
200

204
205
206
207

211



5.1

5.2

5.3

5.4

2D

CONTENTS

PART Il ANALYSIS IN THE LARGE

Chapter 5 Global Theories for General Nonlinear Operators

Linearization
5.1A Global homeomorphisms

5.18

Mappings with singular values

Finite-Dimensional Approximations

5.2A
5.2B
5.2C
5.2D
Q2E

Galerkin approximations

Application to quasilinear elliptic equations

Removal of the coerciveness restriction
Rayleigh—Ritz approximations for gradient operators
Steady state solutions of the Navier—Stokes equations

Homotopy, the Degree of Mappings, and Its Generalizations

5.3A
5.3B
3.3C
5.3D

S.3E

Heuristics

Compact perturbations of a continuous mapping

Compact perturbations of the identity and the Leray—Schauder
degree

Compact perturbations of a linear Fredholm mapping and stable
homotopy

Generalized degree for C? proper Fredholm operators of index zero

Homotopy and Mapping Properties of Nonlinear Operators

5.4A
5.4B
5.4C
5.4D
5.4E

5.4F

Surjectivity properties

Univalence and homeomorphism properties

Fixed point theorems

Spectral properties and nonlinear eigenvalue problems

Necessary and sufficient conditions for solvability and its
consequences

Properties of cone preserving operators

Applications to Nonlinear Boundary Value Problems

5.5A
5.5B
5.5C
5.5D
I:IE

Notes

6.1

6.2

Chapter 6 Critical Point Theory for Gradient Mappings

The Dirichlet problem for quasilinear elliptic equations

Positive solutions for the Dirichlet problem for Au + f(x,u) =0
Periodic water waves

The continuation of periodic motions of autonomous systems
Necessary and sufficient conditions for the solvability of coercive
semilinear elliptic boundary value problems

Minimization Problems

6.1A
6.1B
6.1C

Attainment of infima
An illustration
Minimization problems associated with quasilinear elliptic

equations

Specific Minimization Problems from Geometry and Physics

6.2A
6.2B

Hermitian metrics of constant negative Hermitian scalar curvature
Stable equilibrium states in nonlinear elasticity

217
218
225

231
231
23D
236
239
241

243
243
244

246

256
263

266
266
268

269
272

277
281

283
283
285
286
291

293
296

299
300
304

306

313
313
317



CONTENTS

6.2C Plateau’s problem
6.2D Dynamic instability in Euclidean quantum field theory (in the
mean field approximation)

6.3 Isoperimetric Problems
6.3A Nonlinear eigenvalue problems for gradient mappings
6.3B Solvability of semilinear gradient operator equations
6.4 Isoperimetric Problems in Geometry and Physics
6.4A Families of large amplitude periodic solutions of nonlinear
Hamiltonian systems
6.4B Riemannian structures of prescribed Gaussian curvature for com-
pact 2-manifolds with vanishing Euler—Poincaré characteristic
6.4C Riemannian manifolds with prescribed scalar curvature
6.4D Conformal metrics of prescribed Gaussian curvature on S
6.4E A global free boundary problem—steady vortex rings
of permanent form in an ideal fluid
6.5 Critical Point Theory of Marston Morse in Hilbert Space
6.5A A sharpening of the steepest descent method
6.5B Degenerate and nondegenerate critical points
6.5C Morse type numbers
6.5D Morse 1nequalities
6.SE Illustrations
6.6 The Critical Point Theory of Ljusternik and Schnirelmann
6.6A Heunstics
6.6B The minimax principle
6.6C Ljusternik—Schnirelmann category
6.6D Application to nonlinear eigenvalue problems
6.7 Applications of the General Critical Point Theories
6.7A Application to bifurcation theory for gradient mappings
6.7B Multiple solutions of operator equations involving gradient
mappings
6.7C Global equilibrium states of a flexible elastic plate
6.7D Stationary states for some nonlinear wave equations
6.7E Geodesics between two points of a compact Riemannian manifold
Notes

Appendix A On Differentiable Manifolds

Appendix B On the Hodge-Kodaira Decomposition

for Differential Forms

References

Index

X1
319

322

324
325
331

337
337

340
343
345

348

353
354
335
358
361
363

366
366
367
370
371

375
375

378
380
383
386

388

391

396

399

409



	page1
	page2
	page3
	page4
	page5
	page6

