


CONTENTS

Prefacexiii
NotationandTerminologyxvii
SuggestionsfortheReaderxix

PARTIPRELIMINARIES

Chapter1BackgroundMaterial

1.1HowNonlinearProblemsArise3
1.1ADifferential-geometricsources3
1.1BSourcesinmathematicalphysics9

IClassicalmathematicalphysics10
IIContemporarymathematicalphysics14

1.1CSourcesfromthecalculusofvariations16

1.2TypicalDifficultiesEncountered18
1.2AInherentdifficulties18
1.2BNonintrinsicdifficulties21

1.3FactsfromFunctionalAnalysis25
1.3ABanachandHilbertspaces25
1.3BSomeusefulBanachspaces26
1.3CBoundedlinearfunctionalsandweakconvergence30
1.3DCompactness31
I.3EBoundedlinearoperators32
1.3FSpecialclassesofboundedlinearoperators35

1.4InequalitiesandEstimates39
1.4AThespacesWI.p(Ω)(＜<p＜∞)40
1.4BThespacesWm.p(RN)andWm.p(Ω)(m≧1.,aninteger,and

1<p∞o)44
I.4CEstimatesforlinearellipticdifferentialoperators45

1.5ClassicalandGeneralizedSolutionsofDifferentialSystems47
1.5AWeaksolutionsinmp/m48
1.5BRegularityofweaksolutionsforsemilinearellipticsystems49

1.6MappingsbetweenFinite-DimensionalSpaces51
1.6AMappingsbetweenEuclideanspaces52
1.6BHomotopyinvariants54
1.6CHomologyandcohomologyinvariants56



Notes59

Chapter2NonlinearOperators

2.1ElementaryCalculus64
2.1ABoundednessandcontinuity64
2.IBIntegration65
2.1CDifferentiation67
2.IDMultilinearoperators70
2.IEHigherderivatives72

2.2SpecificNonlinearOperators76
2.2ACompositionoperators76
2.2BDifferentialoperators77
2.2CIntegraloperators79
2.2DRepresentationsofdifferentialoperators80

2.3AnalyticOperators84
2.3AEquivalentdefinitions84
2.3BBasicproperties88

2.4CompactOperators88
2.4AEquivalentdefinitions89
2.4BBasicproperties90
2.4CCompactdifferentialoperators92

2.5GradientMappings93
2.5AEquivalentdefinitions94
2.5BBasicproperties95
2.5CSpecificgradientmappings97

2.6NonlinearFredholmOperators99
2.6AEquivalentdefinitions99
2.6BBasicproperties100
2.6CDifferentialFredholmoperators101

2.7ProperMappings102
2.7AEquivalentdefinitions102
2.7BBasicproperties103
2.7CDifferentialoperatorsaspropermappings105

Notes107

PARTIILOCALANALYSIS

Chapter3LocalAnalysisofaSingleMapping

3.1SuccessiveApproximations111
3.1AThecontractionmappingprinciple111
3.IBTheinverseandimplicitfunctiontheorems113
3.1CNewton'smethod116
3.IDAcriterionforlocalsurjectivity118
3.IEApplicationtoordinarydifferentialequations119
3.IFApplicationtoisoperimetricproblems122



3.1GApplicationtosingularitiesofmappings125

3.2TheSteepestDescentMethodforGradientMappings127
3.2AContinuousdescentforlocalminima128
3.2BSteepestdescentforisoperimetricvariationalproblems129
3.2CResultsforgeneralcriticalpoints130
3.2DSteepestdescentforgeneralsmoothmappings132

3.3AnalyticOperatorsandtheMajorantMethod133
3.3AHeuristics133
3.3BAnanalyticimplicitfunctiontheorem134
3.3CLocalbehaviorofcomplexanalyticFredholmoperators136

3.4GeneralizedInverseFunctionTheorems137
3.4AHeuristics137
3.4BAresultofJ.Moser138
3.4CSmoothingoperators141
3.4DInversefunctiontheoremsforlocalconjugacyproblems142

Notes145

Chapter4ParameterDependentPerturbationPhenomena

4.1BifurcationTheory―AConstructiveApproach149
4.1ADefinitionsandbasicproblems150
4.IBReductiontoafinite-dimensionalproblem154
4.1CThecaseofsimplemultiplicity155
4.IDAconvergentiterationscheme158
4.IEThecaseofhighermultiplicity161

4.2TranscendentalMethodsinBifurcationTheory163
4.2AHeuristics163
4.2BBrouwerdegreeinbifurcationtheory164
4.2CElementarycriticalpointtheory167
4.2DMorsetypenumbersinbifurcationtheory171

4.3SpecificBifurcationPhenomena173
4.3APeriodicmotionsnearequilibriumpointsintherestrictedthree-

bodyproblem173
4.3BBucklingphenomenainnonlinearelasticity177
4.3CSecondarysteadyflowsfortheNavier-Stokesequation183
4.3DBifurcationofcomplexstructuresoncompactcomplexmanifolds188

4.4AsymptoticExpansionsandSingularPerturbations193
4.4AHeuristics193
4.4BThevalidityofformalsymptoticexpansions194
4.4CApplicationtothesemilinearDirichletproblem(IT6)200

4.5SomeSingularPerturbationProblemsofClassicalMathematicalPhysics204
4.5APerturbationofananharmonicoscillatorbytransientforces205
4.5BThemembraneapproximationinnonlinearelasticity206
4.5CPerturbedJeffrey-Hamelflowsofaviscousfluid207

Notes211



PARTIIIANALYSISINTHELARGE

Chapter5GlobalTheoriesforGeneralNonlinearOperators

5.1Linearization217

5.1AGlobalhomeomorphisms218

5.IBMappingswithsingularvalues225

5.2Finite-DimensionalApproximations231

5.2AGalerkinapproximations231

5.2BApplicationtoquasilinearellipticequations235
5.2CRemovalofthecoercivenessrestriction236

5.2DRayleigh-Ritzapproximationsforgradientoperators239

5.2ESteadystatesolutionsoftheNavier-Stokesequations241

5.3Homotopy,theDegreeofMappings,andItsGeneralizations243

5.3AHeuristics243

5.3BCompactperturbationsofacontinuousmapping244
5.3CCompactperturbationsoftheidentityandtheLeray-Schauder

degree246

5.3DCompactperturbationsofalinearFredholmmappingandstable
homotopy256

5.3EGeneralizeddegreeforC2properFredholmoperatorsofindexzero263

5.4HomotopyandMappingPropertiesofNonlinearOperators266

5.4ASurjectivityproperties266
5.4BUnivalenceandhomeomorphismproperties268

5.4CFixedpointtheorems269

5.4DSpectralpropertiesandnonlineareigenvalueproblems272

5.4ENecessaryandsufficientconditionsforsolvabilityandits

consequences277
5.4FPropertiesofconepreservingoperators281

5.5ApplicationstoNonlinearBoundaryValueProblems283
5.5ATheDirichletproblemforquasilinearellipticequations283

5.5BPositivesolutionsfortheDirichletproblemfor△u+f(x,u)=0285

5.5CPeriodicwaterwaves286

5.5DThecontinuationofperiodicmotionsofautonomoussystems291
5.5ENecessaryandsufficientconditionsforthesolvabilityofcoercive

semilinearellipticboundaryvalueproblems293

Notes296

Chapter6CriticalPointTheoryforGradientMappings

6.1MinimizationProblems299

6.1AAttainmentofinfima300

6.IBAnillustration304
6.1CMinimizationproblemsassociatedwithquasilinearelliptic

equations306

6.2SpecificMinimizationProblemsfromGeometryandPhysics313

6.2AHermitianmetricsofconstantnegativeHermitianscalarcurvature313

6.2BStableequilibriumstatesinnonlinearelasticity317



6.2CPlateau'sproblem319
6.2DDynamicinstabilityinEuclideanquantumfieldtheory(inthe

meanfieldapproximation)322

6.3IsoperimetricProblems324
6.3ANonlineareigenvalueproblemsforgradientmappings325
6.3BSolvabilityofsemilineargradientoperatorequations331

6.4IsoperimetricProblemsinGeometryandPhysics337
6.4AFamiliesoflargeamplitudeperiodicsolutionsofnonlinear

Hamiltoniansystems337
6.4BRiemannianstructuresofprescribedGaussiancurvatureforcom-

pact2-manifoldswithvanishingEuler-Poincarecharacteristic340
6.4CRiemannianmanifoldswithprescribedscalarcurvature343
6.4DConformalmetricsofprescribedGaussiancurvatureonS2345
6.4EAglobalfreeboundaryproblem―steadyvortexrings

ofpermanentforminanidealfluid348

6.5CriticalPointTheoryofMarstonMorseinHilbertSpace353
6.5AAsharpeningofthesteepestdescentmethod354
6.5BDegenerateandnondegeneratecriticalpoints355
6.5CMorsetypenumbers358
6.5DMorseinequalities361
6.5EIllustrations363

6.6TheCriticalPointTheoryofLjusternikandSchnirelmann366
6.6AHeuristics366
6.6BTheminimaxprinciple367
6.6CLjusternik-Schnirelmanncategory370
6.6DApplicationtononlineareigenvalueproblems371

6.7ApplicationsoftheGeneralCriticalPointTheories375
6.7AApplicationtobifurcationtheoryforgradientmappings375
6.7BMultiplesolutionsofoperatorequationsinvolvinggradient

mappings378
6.7CGlobalequilibriumstatesofaflexibleelasticplate380
6.7DStationarystatesforsomenonlinearwaveequations383
6.7EGeodesiesbetweentwopointsofacompactRiemannianmanifold386

Notes388

AppendixAOnDifferentiableManifolds391

AppendixBOntheHodge-KodairaDecomposition

forDifferentialForms396

References399

Index409


	page1
	page2
	page3
	page4
	page5
	page6

