
CONTENTS

Part One. THE CLASSICAL STATISTICAL MECHANICS

I. INTRODUCTION

§ 1. The Nature of Statistical Mechanics 1

§ 2. The Classical Statistical Mechanics 4

§ 3. The Quantum Statistical Mechanics 6

§ 4. Statistical Mechanics and Thermodynamics 9

§5. Points of View and Methods of Presentation 10

II. THE ELEMENTS OF CLASSICAL MECHANICS

§ 6. Introduction 16

§ 7. State of a System. Generalized Coordinates and Velocities 17

§ 8. Hamilton's Principle and the Lagrangian Function 19

§ 9. The Equations of Motion in the Lagrangian Form 23

§ 10. Generalized Momenta, the Hamiltonian Function, and the Canonical

Equations of Motion 25

§11. The Change in Quantities with Time. Poisson Brackets 27

§12. The Integral of Energy and the Interpretation of the Hamiltonian

Function 28

§13. The Integrals of Linear and of Angular Momentum 30

§14. Canonical Transformations 32

§15. Integration of the Equations of Motion by Transformation to Cyclic

Coordinates. Hamilton's Characteristic Function 37

§16. Integration of the Equations of Motion by Transformation to Con-

stant Coordinates and Momenta. Hamilton's Principal Function 39

III. STATISTICAL ENSEMBLES IN THE CLASSICAL MECHANICS

§ 17. Ensemble and Phase Space 43

§ 18. Density of Distribution in the Phase Space. Averages for the En-

semble 45

§ 19. Liouville's Theorem for the Change in Density with Time 48

§ 20. Tnvariance of Density and of Extension to Canonical Transformations 52

§ 21. Conditions for Statistical Equilibrium 55

§ 22. The Uniform, Microcanonical, and Canonical Ensembles 56

(a) The Uniform Ensemble 56

(6) The Microcanonical Ensemble 57

(c) The Canonical Ensemble 58

§ 23. The Fundamental Hypothesis of Equal a priori Probabilities in the

Phase Space 59

§ 24. System of Interest and Representative Ensemble 62

§ 25. Validity of Statistical Mechanics 63

IV. THE MAXWELL-BOLTZMANN DISTRIBUTION LAW

§26. The Microcanonical Ensemble as Representing a System in Equilibrium 71

§ 27. Specification of Condition for a System of Many Similar Molecules 74

§ 28. The Probabilities for Different Conditions of the System 78

§ 29. Condition of Maximum Probability. Maxwell-Boltzmann Distribu-

tion Law 79



xii CONTENTS

§30. Maxwell-Boltzmann Distribution for Molecules of More Than a Single

Kind 82

§31. Re-expression of Maxwell-Boltzmann Law in DifferentialForm 83

§32. Evaluation of Constants in the Maxwell-Boltzmann Distribution Law 84

(a) Value of Constant a (or C) 84

(6) Introduction of the Idea of a Perfect Gas Thermometer 85

(c) Value of Constant 0 87

§33. Useful Forms of Expression for the Distribution Law 88

§34. Mean Values Obtained from the Distribution Law 90

§35. The General Principle of Equipartition 95

V. COLLISIONS AS A MECHANISM OF CHANGE WITH TIME

§36. Introduction 99

§37. The Principles of Dynamical Reversibility and Reflectability 102

(a) The Principle of Dynamical Reversibility 102

(6) The Principle of Dynamical Reflectability 104

§38. Molecular States 105

(a) Specificationof Molecular States Appropriate for the Considera-

tion of Collisions 105

(6) Classificationof Molecular States 100

§39. Molecular Constellations 108

§40. Molecular Collisions 110

§41. The Closed Cycle of Corresponding Collisions 114

§42. The Closed Cycle of Two Members in the Case of Spherical Molecules 117

§43. Application of Conservation Laws to Collisions 120

§44. Application of Liouville'sTheorem to a Collision 121

§45. The Probability Coefficientsfor Collisions 127

§46. Concluding Remarks on Molecular Collisions 132

VI. BOLTZMANN'S H-THEOREM

§47. Definition of the Quantity H 134

§48. Derivation of theH-theorem 136

(a) Rate of Change of H with Time 136

(6) Effect of Collisionson Change of H with Time 137

(c) Effect of Other Processes on Change of H with Time 142

§49. Discussion of the H-theorem 146

(a) StatisticalCharacter of the H-theorem 146

(6) Observations on the Continued Decrease of H with Time 148

(c) H-theorem and the Principle of Dynamical Reversibility 152

(d) H-theorem and the Occurrence of Continued Fluctuations 155

§50. H-theorem and the Condition of Equilibrium 159

(a) Maxwell-Boltzmann Distribution when H is a Minimum 159

(6) Steady Condition when H is a Minimum 160

(c) Detailed Balance when H is a Minimum 161

§51. The Generalized H-theorem 165

(a) Definition of the Quantity H for an Ensemble 165

(b) Two Necessary Lemmas 168

(c) Change in H with Time 170

(d) Relation between the Two Forms of H-theorem 174

(c) Concluding Remarks on the Generalized H-theorem 177



CONTENTS xiii

Part Two. THE QUANTUM STATISTICAL MECHANICS

VII. THE ELEMENTS OF QUANTUM MECHANICS

A. Historical Remarks

§52. The Necessity for Modifying Classical Ideas 180

(a) Discrete Energy Levels 181

(6) Wave-particle Duality 182

(c) Uncertainty, Complementarity, and Indetermination 184

(d) The Correspondence Principle 187

(e) Plan of Treatment 188

B. The Postulates

§53. The Existence of Probability Densities and Amplitudes 189

§54. The Interrelation of Probability Amplitudes 193

§55. The Operators Corresponding to Observable Quantities and their Use

in Calculating Expectation Values 195

(a) Preliminary Discussion 195

(6) Operator Manipulation 199

(c) Linear Operators 201

(d) Hermitian Operators 201

(e) The Operators q and p 204

(f) The Operators Corresponding to Observable Quantities in

General 200

(g) The Calculation of Expectation Values in General 208

§56. The Schroedinger Equation for Change in State with Time 209

(a) Postulated Form of Schroedinger Equation 210

(6) Some Specific Examples of the Schroedinger Equation 212

(c) Transformation of Schroedinger Equation from Coordinate to

Momentum Language 215

§67. Summary of Postulatory Basis 217

C. Theorems Illustrating the Nature of Quantum Mechanics

§58. Probability Density and Probability Current 218

(a) The Conservation of Total Probability 218

(6) The Concept of Probability Current 219

§59. The Principle of Superposition 220

§60. Energy Levels for Systems in Steady States. Eigenvalues and Eigen-

functions 222

§61. Wave-particle Duality. De Broglie Waves for Free Particles 220

§62. The Heisenberg Uncertainty Relation 231

(a) Case of a Free Particle. Wave Packets 231

(b) General Treatment of Uncertainty Relations 234

§63. Correspondence between Classical and Quantum Mechanical Results 237

(a) Change in Expectation Values with Time 237

(b) The Analogue of the Hamiltonian Equations of Motion 239

(c) The Conservation of Energy in Quantum Mechanics 240

(d) The Conservation of Momentum in Quantum Mechanics 241

(e) Approach of Quantum Mechanical Behaviour to the Classical

Limit 243



xiv CONTENTS

D. Further Development of Quantum Mechanical Methods

Transformation Theory

§64. Characteristic States. Eigenvalues and Eigenfunctions in General 246

(a) Equation Determining a Characteristic State 246

(6) Eigenvalues and Eigenfunctions Corresponding to Charac-

teristic States 247

(c) Properties of Eigenvalues and Eigenfunctions 248

(d) States Characteristic of More Than One Observable 251

(e) Eigenvalues and Eigenfunctions for the Coordinates and

Momenta 253

§65. Expansions in Terms of Eigenfunctions 254

§66. Expansion of the Probability Amplitude ψ{q, t) 257

(a) Expansion at a Given Time of Interest 257

(b) Expansion as a Function of the Time 259

(c) Special Case of Expansion in Energy Eigenfunctions 259

§67. Transformation Theory 261

(a) Probability Amplitudes in General 261

(b) Operators in General 263

(c) The Schroedinger Equation in General 264

(d) The Hermitian Matrices Corresponding to Observable Quantities 265

(e) Unitary Transformations between Different Quantum Mechani-

cal Representations 268

(f) Concluding Remarks on the General Quantum Mechanical

Language Provided by the Transformation Theory 271

§68. The Method of Variation of Constants 273

(a) Derivation of the Differential Equations 273

(b) Approximate Integration for a Special Case 276

VIIT. SOME SIMPLE APPLICATIONS OF QUANTUM MECHANICS

§69. Simple One-dimensional Solutions 278

(a) Solutions in Regions of Constant Potential 278

(6) Approximate Solutions in Regions of Varying Potential 282

§70. Particle in Free Space 285

§71. Particle in a Container 287

(a) The Energy Eigenvalues and Eigenfunctions 287

(6) The Number of Eigensolutions in a Given Range of Energy 290

§72. Particle ina Hooke's Law Field of Force 291

§73. Particle in a Central Field of Force 292

(a) Operators for the Components of Angular Momentum 293

(6) The Eigenfunctions and Eigenvalues Corresponding to Angular

Momentum 294

(c) Steady States in a Central Field of Force 297

§74. Two Interacting Particles 299

(a) Separation into External and Internal Equations 300

(6) Separation of Internal Equation in Case of Central Forces 301

(c) Solutions of the Separate Equations 302

(d) Indicated Nature of Applications 304

§75. Particles with Spin 306

(a) The Spin Variables and Operators 306

(b) Applications Involving Spin 310



CONTENTS xv

§76. Systems of Two or More Like Particles 312

(a) Symmetric and Antisymmetric Solutions for Pairs of Like

Particles 313

(6) Properties of the Symmetric and Antisymmetric Solutions 314

(c) Treatment of More Than Two Like Particles 318

(d) Further Properties of Symmetric and Antisymmetric Solutions

―Case of Small Interaction between Particles. Pauli Exclu-

sion Principle 319

(e) Enumeration of Eigensolutions 321

IX. STATISTICAL ENSEMBLES IN THE QUANTUM MECHANICS

§77. Introduction of Statistical Methods in the Classical and in the

Quantum Mechanics 325

§78. The Density Matrix in Quantum Statistical Mechanics 327

§79. Transformation of the Density Matrix from One Quantum Mechanical

Language to Another 330

§80. Density Matrix Corresponding to a Pure State 333

§81. The Analogue of Liouville's Theorem in Quantum Statistical Mechanics 335

(a) Time Dependence of Density Matrix in Language Provided by

True Energy States 335

(6) Time Dependence of Density Matrix in Language Provided by

Unperturbed Energy States 336

(c) Time Dependence of Density Matrix in General Language 338

§82. Conditions for Statistical Equilibrium 339

(a) Density a Constant 339

(b) Density a Function of a Constant of the Motion . . 340

§83. The Uniform, Microcanonical,and Canonical Ensembles in the

Quantum Mechanics 342

(a) The Uniform Ensemble 342

(6) The Microcanonical Ensemble 345

(c) The Canonical Ensemble 347

§84. The Fundamental Hypothesis of Equal a priori Probabilities and

Random a priori Phases for the Quantum Mechanical States of a

System 349

§85. Validity of Statistical Quantum Mechanics 356

X. THE MAXWELL-BOLTZMANN, EINSTEIN-BOSE, AND

FERMI-DIRAC DISTRIBUTIONS

§80. The Microcanonical Ensemble as Representing a System in Equili-

brium 362

§87. Specification of Condition for a System Composed of Weakly Inter-

acting Elements 364

(a) Relation of Eigensolutions for System to Eigensolntions for its

Component Elements 364

(b) Method of Specifying Different Conditions 367

(c) Number of Eigenstates Corresponding to a Specified Condition

of the System 368

§88. The Probabilities for Different Conditions of the System 370

§89. Condition of Maximum Probability. The Three Distribution Laws 372



xvi CONTENTS

§90. Distribution in Systems Containing Constituent Elements of More

Than One Kind 374

§91. Evaluation of Constants in the Distribution Laws 375

(a) Value of Constant α 376

(b) Value of Constant β 376

§92. Maxwell-Boltzmann Systems 378

(a) Mean Energy of Oscillators of Frequency v 378

(b) Application to the Specific Heat of Solids 380

(c) Application to Radiation 380

§93. Einstein-Bose Systems 381

(a) Application to Radiation 382

(6) Useful Integrals in the Einstein-Bose Case 383

(c) Values of Parameter a, Energy E, and Pressure p 384

(d) Case of Slight Degeneration 386

§94. Fermi-Dirac Systems 388

(a) Useful Integrals in the Fermi-Dirac Case 388

(b) Values of Parameter a, Energy E, and Pressure p 389

(c) Case of Slight Degeneration 390

(d) Case of Extreme Degeneration 391

(e) Remarks on Applications to Conduction Electrons 392

XI. THE CHANGE IN QUANTUM MECHANICAL SYSTEMS WTTH TIME

§95. Dynamical Reversibility in the Quantum Mechanics 395

§96. Integration of Schroedinger Equation for Changes with Time in an

Isolated System 399

(a) Introduction 399

(b) Expansion of State in Terms of Unperturbed Energy Eigen-

states and Integration by the Method of Variation of Con-

stants 400

(c) Expansion of State in Terms of General Eigenfunctions and

Integration as a Taylor's Series in the Time 403

(d) Change with Time Regarded as a Unitary Transformation 405

(c) Application to the Calculation of Probabilities as a Function

of Time 407

§97. Integration of Schroedinger Equation when an External Parameter

i.sVaried 409

(a) Probability Amplitudes for Energy States that Depend on tin

External Parameter 409

(b) Gradual Change in Parameter 412

(c) Abrupt Change in Parameter 414

§98. Observation and Specification of State in Studying the Change of

Quantum Mechanical Systems with Time 416

(a) Complementarity Restrictions on Observations 416

(b) Approximate Specifications of State in the Quantum Mechanics 418

(c) Approximate Specification of Unperturbed Energy Eigenstates 420

(d) Approximate Specification of Eigenstates in General 422

(e) Remarks on the Assignment of Equal Probabilities and Ran-

dom Phases 423

§99. Time-Proportional Transitions 424

(a) Transition from a Discrete State to a Continuous Spectrum of

States 425



CONTENTS xvii

(6) Transition from the Continuous Spectrum back to the Discrete

State 428

(c) Transition from One Group of Continuous States to Another 431

(d) General Formulation of Transition Probabilities 434

§100. The Probabilities for Transition by Collision in Fermi-Dirac and

Einstein-Bose Gases 430

(a) Perturbation Matrix for the Interaction of Fermi-Dirae

Particles 437

(b) Perturbation Matrix for the Interaction of Einstein-Bose

Particles 441

(c) Time-proportional Collision Probabilities 444

§101. General Treatment of Changes in Ensembles with Time 450

XII. THE QUANTUM MECHANICAL H-THEOREM

A. Derivation of Theorem

§102. Definition of H for a Gas 453

§103. Change of H with Time as a Result of Collisions 455

§104. Definition of H for a Representative Ensemble of Systems 459

(a) Fine-grained and Coarse-grained Probabilities in the Quantum

Mechanics 459

(b) General Expression_for H 460

(c) Relation between H and H 462

§105. Change of H with Time by the Method of Transition Probabilities 463

§106. Change of H with Time from the Exact Integration of the Schroe-

dinger Equation 466

(a) The Representative Ensemble 466

(6) Needed Results of the Exact Integration of Schroedingor's

Equation 467

(c) The Klein Relation as a Necessary Lemma 468

(d) Derivation of the Generalized .H-theorem 470

(e) Further Discussion of the Generalized H-theorem 475

§107. Application of .H-theorem to Interacting Systems 477

B. Relation of H-theorem to Behaviour at Equilibrium

§108. Relation to Previous Studies of Equilibrium 480

§109. The Long Time Behaviour of Ensembles Representing Perfectly

Isolated Systems 482

§110. The Microcanonical Ensemble as Representing Equilibrium for a

Perfectly Isolated System 486

§111. The Long Time Behaviour of Ensembles Representing Systems in

Contact with their Surroundings 488

(a) Probabilities for States of the Combined System 488

(6) Number of States of Surroundings as a Function of Energy 490

(c) Probabilities for States of the System Proper 494

(d) The Concepts of Thermal Equalization, Essential Isolation,

and Essentially Adiabatic Process 498

§112. The Canonical Ensemble as Representing Equilibrium for a System

in a Heat Bath or in Essential Isolation 501

(a) The Canonical Distribution 501

(6) Justification for the Canonical Ensemble 503



xviii CONTENTS

C. Specific Examples of Equilibrium

§113. Equilibrium in Maxwell-Boltzmann Systems 506

§114. Equilibrium in Einstein-Bose and Fermi-Dirac Gases 509

(a) Derivation of the Distribution Laws 509

(6) Investigation of Approximation 513

(c) Further Discussion of the Einstein-Bose and Fermi-Dirac

Distribution Laws 516

§115. Equilibrium in General in Physical -Chemical Systems 519

§116. The Principle of Detailed Balance in the Quantum Mechanics 521

Part Three. STATISTICAL MECHANICS AND THERMODYNAMICS

XIII. STATISTICAL EXPLANATION OF THE PRINCIPLES OF

THERMODYNAMICS

§117. Introduction 524

(a) Thermodynamic System and Representative Ensemble 524

(b) The Nature of Thermodynamic Variables 524

(c) Energy, Work, and Heat 526

§118. The Energy Principle for Ensembles 528

§119. The Analogue of the First Law of Thermodynamics 529

§120. The Canonical Ensemble as Representing Thermodynamic Equili-

brium 530

§121. Relation Connecting the Values of H in Neighbouring Canonical

Ensembles 533

§122. Statistical-Mechanical Analogues of Entropy, Temperature, and

Free Energy 535

§123. Effect on H of Leaving a System in Essential Isolation 540

§124. Effect on H of Adiabatic Changes in External Coordinates 541

(a) Reversible Adiabatic Change in an External Coordinate 542

(6) Irreversible Adiabatic Change in an External Coordinate 547

§125. Effect on H of Interaction in General 549

§126. Lemma on H+E/0 550

§127. The Direction of Thermal Flow as Dependent on 0 551

§128. Effects of Various Kinds of Thermal Process 553

(a) Effect on if of Thermal Interaction in General 553

(b) Effect on H of Thermal Transfer from a Canonical Ensemble 553

(c) Thermal Equilibrium as a Result of Successive Contacts 554

(d) The Limiting Case of Reversible Thermal Transfer 555

§129. Carnot Cycle of Processes 556

§130. The Analogue of the Second Law of Thermodynamics 558

§131. Remarks on the Statistical Explanation of Thermodynamics 560

XIV. FURTHER APPLICATIONS TO THERMODYNAMICS

§132. Thermodynamic Quantities in Terms of the Free Energy 565

§133. Thermodynamic Quantities in Terms of the Sum-over-states 567

§134. Sum-over-states as Dependent on Molecular States 568

(a) Case of Permanently Distinguishable Elements 569

(6) Case of Einstein-Bose and Fermi-Dirac Gases 570



CONTENTS xix

§135. Perfect Monatomic Gas 572

(a) Sum-over-states 572

(6) Thermodynamic Quantities 573

(c) Evaluation of Constant k 574

§136. Perfect Gases Composed of More Complicated Molecules 574

(a) Sum-over-states 574

(6) Thermodynamic Quantities 576

(c) Energy and Entropy of Actual Monatomic and Diatomic Gases 578

§137. Crystals Composed of a Single Substance 583

(a) The Modes of Vibration of a Crystal 583

(b) Application of Quantum Mechanics 586

(c) Sum-over-states for the Crystal 587

(d) Thermodynamic Properties of the Crystal 589

(e) Remarks on the Entropy of Crystals 591

§138. Mixtures of Substances 595

(a) Gaseous Mixtures 595

(6) Mixed Crystals 598

(c). Liquid Mixtures 600

(d) On the Definition of the Ideal Solution 602

§139. Vapour Pressures and Chemical Equilibria 604

(a) The Thermodynamic Potentials of Crystals and of Gases 604

(&) Vapour Pressures of Crystals 606

(c) Chemical Equilibria in Gases 609

(d) On the Status of the so-called Third Law of Thermodynamics 612

§140. Equilibrium between Connected Systems 613

(a) Thermodynamic Relations 613

(6) The Grand Canonical Ensemble 619

(c) Correlation of Thermodynamic and Statistical-Mechanical

Quantities 622

(d) Conditions for Equilibrium when Grand Canonical Ensembles

are Combined 623

(e) Explanation of the Gibbs Paradox 626

§141. Fluctuations at Thermodynamic Equilibrium 629

(a) Fluctuations in the Case of Maxwell-Boltzmann, Einstein-

Bose, and Fermi-Dirac Distributions 630

(6) Fluctuations in Total Energy 631

(c) Fluctuations in an External Force 635

(d) Einstein's Formula for Fluctuations in a Macroscopic Variable 636

(e) Fluctuations in Composition 641

(f) Fluctuations in Density of a Fluid 645

§142. Conclusion 649

APPENDIX I. Symbols for Quantities, Operators, and Matrices 650

APPENDIX II. Some Useful Formulae 655

SUBJECT INDEX 657

NAME INDEX 661


	page1
	page2
	page3
	page4
	page5
	page6
	page7
	page8
	page9

