
Contents 

Preface vii 

1. Introduction 1 

2. Illustration of the Energy Method on Simple 
Examples and Discussion of Linear Theory 3 

2.1 The Diffusion Equation 3 
2.2 The Linear Diffusion Equation with a Linear Source Term 5 
2.3 Nonlinear, Conditional Energy Stability for a Nonlinearly 

Forced Diffusion Equation 10 
2.4 Weighted Energy and Boundedness for the Quadratically 

Forced Diffusion Equation 13 
2.5 Weighted Energy and Unconditional Decay for the 

Quadratically Forced Diffusion Equation 15 
2.6 A Stronger Force in the Diffusion Equation 17 
2.7 A Polynomial Heat Source in Three Dimensions 19 
2.8 Sharp Conditional Stability 21 
2.9 An Interaction Diffusion System 32 

3. The Navier-Stokes Equations, the Boussinesq 
Approximation, and the Standard Benard Problem 38 

3.1 Energy Stability for the Navier-Stokes Equations 38 
3.2 The Balance of Energy and the Boussinesq Approximation 46 
3.3 Energy Stability and the Benard Problem 51



4. Symmetry, Competing Effects, and Coupling 
Parameters; Multiparameter Eigenvalue 
Problems; Finite Geometries 56 

4.1 Symmetry, Competing Effects, and Coupling Parameters 56 
4.2 Multiparameter Eigenvalue Problems and Their Occurrence 

in Energy Stability Theory 71 
4.3 Finite Geometries, Spatially Varying Boundary Conditions, 

and Numerically Determined Basic Solutions 73 

5. Convection Problems in a Half-Space 75 

5.1 Existence in the Energy Maximum Problem 75 
5.2 The Salinity Gradient Heated Vertical Sidewall Problem 79 

6. Generalized Energies and the Lyapunov Method 82 

6.1 The Stabilizing Effect of Rotation in the Benard Problem 82 
6.2 Construction of a Generalized Energy 87 
6.3 Determination of the Nonlinear Stability Threshold 90 
6.4 Penetrative and Non-Boussinesq Convection 95 
6.5 Thermohaline Convection with Heat and Salt Below 101 
6.6 Bio-Convection and Use of a Spatial Weight to Symmetrize 102 
6.7 Convection in a Porous Vertical Slab 105 

7. Geophysical Problems 108 

7.1 Patterned (or Polygonal) Ground Formation 108 
7.2 A Mathematical Model for Patterned Ground Formation 113 
7.3 Results and Conclusions for Patterned Ground Formation 118 
7.4 Convection in Thawing Subsea Permafrost 122 
7.5 The Model of Harrison and Swift 123 
7.6 The Energy Stability Maximum Problem 126 
7.7 Decay of the Energy 129 

8. Surface Tension Driven Convection 132 

8.1 Energy Stability and Surface Tension Driven Convection 132 
8.2 Surface Film Driven Convection 134 
8.3 Conclusions from Surface Film Driven Convection 141



9. Convection in Generalized Fluids 145 

9.1 The Benard Problem for a Micropolar Fluid 145 
9.2 Oscillatory Instability 149 
9.3 Nonlinear Energy Stability for Micropolar Convection 150 

10. Time Dependent Basic States 154 

10.1 Convection Problems with Time Dependent Basic States 154 
10.2 Energy Theory for Convection with Time-Varying Gravity 

and Surface Temperatures 155 

11. Electrohydrodynamic and 
Magnetohydrodynamic Convection 161 

11.1 Comments on the MHD Benard Problem and a Brief Review 
of Thermo-Convective Electrohydrodynamic Instability 161 

11.2 The Investigations of Roberts and Turnbull 163 
11.3 Further Work on Thermo-Convective EHD Instability 170 
11.4 Charge Injection Induced Instability and the Nonlinear 

Energy Stability Analysis of Deo and Richardson 171 

12. Ferrohydrodynamic Convection 176 

12.1 Introduction and the Basic Equations of Ferrohydrodynamics 176 
12.2 Thermo-Convective Instability in FHD 179 
12.3 Energy Stability for a Model Based on the Force 

Representation of Korteweg and Helmholtz 181 

13. Convective Instabilities for Reacting 
Viscous Fluids Far from Equilibrium 190 

13.1 Chemical Convective Instability 190 
13.2 Chemical Convective Instability and 

Quasi-Equilibrium Thermodynamics 191 
13.3 Basic Equations for a Chemically Reacting Mixture 194 
13.4 A Model for Reactions Far from Equilibrium 197 
13.5 Convection in a Layer 200



14. Energy Stability and Other Continuum Theories 204 

Appendix 1. Some Useful Inequalities in 
Energy Stability Theory 207 

Appendix 2. Numerical Solution of the 
Energy Eigenvalue Problem 217 

A2.1 The Shooting Method 217 
A2.2 A System: The Viola Eigenvalue Problem 218 
A2.3 The Compound Matrix Method 219 
A2.4 Numerical Solution of (4.65), (4.66) 

Using Compound Matrices 222 

References 225 

Index 240


