


CONTENTS

PAETI―INTRODUCTORYTHEORIES

CHAPTERI

FUNCTIONALDETERMINANTSANDMATRICES

1.Geometricalterminology1

2.Functionaldeterminantsandchangeofvariables--2

3.Thefundamentaltheoremonimplicitfunctions...-3

4.Effectonafunctionaldeterminantofachangeofvariables--4

5.Thenecessaryandsufficientconditionsfortheindependenceof

nfunctionsofnvariables-------5

6.Functionalmatrices.Definitionoftheindependenceofmfunc

tionsofnvariables8

7.Theorem9

CHAPTERII

SYSTEMSOFTOTALDIFFERENTIALEQUATIONS

1.Preliminaryremarks13

2.Conditionsnecessaryforintegrability.Completelyintegrable,or

complete,systems15

3.Theintegrationofamutuallyconsistentsystemcanalwaysbe

reducedtothatofacompletesystem-----16

4.Bilinearcovariantsandtheresultingformfortheconditionsof

completeintegrability-------18

5.Morera'smethodofintegration22

6.NoteonMayer'smethod25

7.Application26

8.Mixedsystemsofequations29

CHAPTERIII

LINEARPARTIALDIFFERENTIALEQUATIONS

COMPLETESYSTEMS

1.Linearoperators----------33

2.Integralsofanordinarydifferentialsystemandthepartialdif

ferentialequationwhichdeterminesthem36

3.Principalintegrals38



CONTENTS

4.Independentintegrals.Generalintegral40

5.Directstudyofthemostgenerallinearhomogeneouspartialdif

ferentialequation........41

6.Integralsofatotaldifferentialsystem,andtheassociatedsystem

ofpartialdifferentialequationswhichdeterminesthem--47

7.Principalintegrals,astypicalcasesofindependentintegrals--48

8.Thegeneralintegral---------50

9.Directstudyofthemostgeneralsystemoflinearhomogeneous

partialdifferentialequationsofthefirstorder.Complete

systems.Jacobiansystems.---...52

10.EquivalenceofeverycompletesystemtoaJacobiansystemwith

thesamenumberofequations.NoteonCramer'srule--53

11.Integrationbymeansoftheassociatedsystem57

CHAPTERIV

ALGEBRAICFOUNDATIONSOFTHEABSOLUTE

DIFFERENTIALCALCULUS

1.Effectonsomeanalyticalentitiesofachangeofvariables--61

2.wi-foldsystems.Formsofdegreemandm-plylinearforms--65

3.Invariance,covariance,andcontravarianceofasimplesystemwith

respecttolineartransformations.Dualvariables67

4.Invariance,covariance,andcontravarianceofanm-foldsystemwith

respecttolineartransformations.Mixedsystemsortensors.

Vanishingofatensoraninvariantproperty69

5.Symmetricaldoublesystems--------72

6.Setsofncovariantandcontravariantsimplesystems.Theoremon

reciprocalsets----------74

7.Additionoftensors-75

8.Multiplicationoftensors--------76

9.Contractionoftensors---------77

10.Compositionoftensors---------79

11.Changeofvariablesingeneral,m-foldsystemswhoseelementsare

functionsofposition.Firstgeneraldefinitionofatensor.

Typicaltensorsofrank1-------80

12.Secondgeneraldefinitionoftensorswhoseelementsarefunctions

ofposition.Examples--------83

13.Morecomplexlawsoftransformation.ScopeoftheAbsoluteDif

ferentialCalculus---------85

CHAPTERV

GEOMETRICALINTRODUCTIONTOTHETHEORYO]

DIFFERENTIALQUADRATICFORMS

(a)TheLineElementonaSurface

1.Parametricequationsofasurface-------86

2.Expressionfords288

3.Determinationofthedirectionsdrawnfromagenericpoint--90

4.Anglebetweentwodirections.Contravarianceofthecoefficients

ai92

5.Associated,andinparticularreciprocal,tensors.Thetypicalex

ampleoftheparametersandmomentsofasingledirection--95

6.Surfacevectors----------96

7.Parametersandmomentsoftheco-ordinatelines.Elementofarea98



8.Fundamentalobservation(Gauss's)ontheintrinsicgeometryofa

surface99

9.Noteondevelopablesurfaces100

(b)ParallelismwithrespecttoaSurface

10.Geometricaldefinition-.101

11.Firstconsequences.Equipollenceofvectorswithrespecttoa

surface103

12.Infinitesimaldisplacement.Infinitesimalformofthelawof

parallelism..........104

13.Theintrinsiccharacterofparallelism------106

14.Thesymbolicequationofparallelism------107

15.Intrinsicequationsofparallelism-------107

16.Christoffel'ssymbols--Ill

17.Equationsofparallelismintermsofcovariantcomponents--112

18.Someanalyticalverifications.......114

19.Permutability115

(c)ExtensionoftheForegoingNotionston-dimensionalManifolds

ofanyMetric

20.n-dimensionalmanifolds119

21.Euclideanmanifolds.AnyVncanalwaysbeconsideredasimmersed

inaEuclideanspace121

22.Angularmetric-123

23.Definitionofgeodesies128

24.Differentialequationsofgeodesies131

25.Geodesiccurvature--------135

26.Extensionofthenotionofparallelism.Bianchi'sderivedvectors-137

27.Autoparallelismofgeodesies--------140

28.Remarksonthecaseofanindefiniteds2--.--141

PARTII

THEFUNDAMENTALQUADRATICFORMAND

THEABSOLUTEDIFFERENTIALCALCULUS

CHAPTEKVI

COVARIANTDIFFERENTIATION;INVARIANTSAND

DIFFERENTIALPARAMETERS;LOCALLYGEO-

DESICCO-ORDINATES

1.Covariantdifferentiation144

2.Particularcases147

3.Ricci'slemma148

4.Contravariantdifferentiation-149

5.Conservationoftherulesoftheordinarydifferentialcalculus--149

6.Applications152

7.Divergenceofavectorandofadoubletensor.A2ofaninvariant-153

8.Somelawsoftransformation,e-systems.Vectorproduct.Exten-

sionofafield-----.----156

9.Rotorofasimpletensorinthreedimensions-----161

10.Sectionsofamanifold.Geodesicmanifolds-----162



Page

11.LocallygeodeSic(orlocallyCartesian)co-ordinateS----164

12.Severi'Stheorem171

CHAPTERVII

RIEMANN'SSYMBOLSANDPROPERTIESRELATINGTO

CURVATURE;RICCI'SANDEINSTEIN'SSYMBOLS;

GEODESICDEVIATION

1.CyclicdiSplacementandtherelationsbetweenparalleliSmand

curvature172

2.CyclicdiSplacementroundanelementaryparallelogram---173

3.FundamentalpropertieSofRiemann'sSymbolSoftheSecondkind-177

4.FundamentalpropertiesandnumberofRiemann'SSymbolSofthe

firStkind-179

5.Bianchi'SidentitieS---------182

6.CommutationruleforthesecondcovariantderivativeS---184

7.CyclicdiSplacementroundanyinfinitesimalcircuit--.186

8.PereS'Sformula193

9.ApplicationtoSurfaces.GaussiancurvatureofaV2---193

10.RiemanniancurvatureofaVｎ-------195

11.CaseofaV3.ThetensorsaiｋofRicciandGikofEinStein--198

12.Curvatureofamanifoldofthreedimensionsaroundapoint.Prin-

cipaldirectionsandinvariants-.-----201

13.GeodeSieSinfinitelynearagivengeodesic-.---208

14.Geodesicdeviationinanｎ-dimensionalmanifold....209

15.InvariantformoftheequationsdefininggeodeSicdeviation--210

16.GeodeSicdeviation.SpecificationofthedifferentialsyStem.First

integral.LinearrelationinfinitetermS-----215

17.ReducedformofthedifferentialsyStem(I)intermSoftheco-

ordinateSy218

18.CaSeofn=2―formulaofJacobi-----219

CHAPTERVIII

RELATIONSBETWEENTWODIFFERENTMETRICS

REFERREDTOTHESAMEPARAMETERS;MANI-

FOLDSOFCONSTANTCURVATURE.

1.DifferenceSbetweenChristoffel'sSymbolsrelativetotwodifferent

metricSaSsignedtothesameanalyticalmanifold---220

2.DifferenceSbetweenthecovariantderivatives....222

3.DifferencesbetweenRiemann'ssymbols------224

4.CaSeoftwometricsinconformalrepresentation-228

5.ISotropicmanifolds232

6.Schur'Stheorem...-235

7.Canonicalformofrfs2foramanifoldofconStantcurvature--236

CHAPTERIX

DIFFERENTIALQUADRATICFORMSOFCLASSZERO

ANDCLASSONE

1.FormSofclaSSzero(orEuclideanformS)242

2.ConformalrepreSentationofamanifoldofconStantcurvatureona

EuclideanSpace.MutualapplicabilityofallVn'SwiththeSame

conStantcurvature---------246



Page

3.GeneralremarksonhypersurfacesinEuclideanspace.Second

fundamentalform---------249

4.Formsofclass1(hypersurfacesinEuclideanspace)---253

5.Hypersphericalrepresentationandcurvatureofahypersurface-258

CHAPTERX

SOMEAPPLICATIONSOFINTRINSICGEOMETRY

1.Generalremarksoncongruences.Geodesicandnormalcongruences261

2.Setsofncongruences.Determinationofavectorbyninvariants-265

3.GeometricaldefinitionofRicci'scoefficientsofrotation---268

4.Commutationformulaforthesecondderivativesalongthearcs-273

5.Caseinwhichoneofthecongruencesofthesetisgeodesic--274

6.Geodesiccurvatureofoneofthecongruencesoftheset---275

7.Caseinwhichoneofthecongruencesofthesetisnormal.Com-

pletenormality.Differentialrelationssatisfiedineverycaseby

theγ's---275

8.Canonicalsystemwithrespecttoagivencongruence---278

9.CongruencesofstraightlinesinEuclideanspace.Geometrical

significanceofthecanonicalsystem------282

PARTIII―PHYSICALAPPLICATIONS

CHAPTERXI

EVOLUTIONOFMECHANICSANDGEOMETRICAL

OPTICS;THEIRRELATIONTOAFOUR-DIMEN-

SIONALWORLDACCORDINGTOEINSTEIN

1.Hamilton'sprincipleforafreeparticle287

2.Timeasafourthco-ordinate.Space-time.Worldlines--289

3.Generaltransformationsofcoordinatesinspacetime.Simultaneity290

4.Einstein'sformforHamilton'sprinciple.Itsinvariantcharacter

underanytransformationofco-ordinates-----291

5Massandenergy:viewssuggestedbythemodificationofthe

dynamicallaw---294

6.Einstein'sformfortheprincipleofinertia.Restrictedrelativity298

7.Thekinematicsofrigidsystems.Ordinarymethodsofapproach

andpossiblevariants--------301

8.Romerianunits.StudyofLorentztransformations...306

9.Relativemotion.Compositionofvelocities.Kinematicaljustifi

cationofaformulaofFresnel's316

10.FurthergeneralizationofthemetricofVifstillcoincidingtoafirst

approximationwithordinarydynamics320

11.Animportantparticularcase.Correspondingtrajectoriesandtheir

identitywiththoseofanordinarymechanicalproblem--323

12.QualitatiVecharacteristicsofrelatiVitymetrics.Geodesicprin

cipleforthedynamicsofamaterialparticle.Stationaryand,

inparticular,staticallineelements------325

13.VersorsinaV4withpseudo-Euclideanmetric-...329

14.Digressionongeodesiesofzerolength------330

15.Someelementarytheoremsofgeometricaloptics-334



Page

16.GeometricalopticsaccordingtoEinsteinandthemeaningofthe

constantc..........335

17.Interpretationingeometricalopticsoftheconditionds2=0-338

18.Fermat'sprincipleinstationaryrelativitymetrics-...340

19.Thestresstensoranditsdivergenceintheclassicaltheory--344

20.Thefundamentalequationsofthemechanicsofcontinuoussystems,

referredtofixedaxes;transformationsofthemingeneralco-

ordinates(spaceco-ordinates)347

21.Galileansystemsofreference.......349

22.Equivalentformforthesystem(52)and(53)349

23.Einsteinianmodificationoftheequationsofmotionofacontinuous

systeminaparticularcase351

24.Generalcase.Introductionoftheenergytensor,andmeaningof

itscomponentsingeneralco-ordinates.....354

25.Relativisticformoftheequationsofmotionofacontinuoussystem359

26.Aparticularclassofmotionsofacontinuoussystem---360

27.ExperimentaldeterminationofthecoefficientsofanEinsteinianrfs2363

CHAPTERXII

THEGRAVITATIONALEQUATIONSANDGENERAL

RELATIVITY

1.Qualitativepropertiesoftheco-efficientsofds2-369

2.ThetensorGikanditsdivergence.Thegravitationaltensor--371

3.Solidarityofphysicalphenomena.Criteriafortheconstructionof

thegravitationalequations,andreductionoftheinductiveproof

oftheirvaliditytothestaticalcase------374

4.GeneralequationsofEinsteinianstatics.Emptyspace---378

5.Firstapproximation.ConnexionwithPoisson'sequation--383

6.TheEinsteiniands2whichcorrespondstoafirstapproximationto

anassignedNewtonianfield388

7.Furtherapproximationforthecoefficientg∞=F2instaticalcon

ditions392

8.Atheoremofmechanicalequivalence------394

9.MotionoftheplanetsaccordingtoEinstein,toasecondapproxima-

tion.Displacementofperihelion......396

10.Displacementofthespectrallines.Deflectionoflight---400

11.Three-dimensionalmetricswithsphericalsymmetry---408

12.Digressiononthecalculationofcurvatures414

13.Thegravitationalequationsinthecaseofsphericalsymmetry.

Schwarzschild'srigoroussolution419

14.Spatiallyuniformmetrics;theircosmologicalinterest---425

15.Einstein'ssolution429

16.DeSitter'ssolution429

17.Einstein'sadditionalterm.Indicationofotherrigoroussolutions-437

ADDITIONALNOTES-441

INDEXOFNAMES443

GENERALINDEX.........446




	page1
	page2
	page3
	page4
	page5
	page6
	page7
	page8

